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In this note we use a theorem of Petryshyn [5] to derive a general fixed 
point theorem for “condensing mappings,” a theorem which includes a 
recent result of Gatica and Kirk [3]. 
Let X be a Banach space and A a bounded subset of X. The measure 
of noncompactness y(A) of -4 is defined [4] as follows. 
y(A) := inf{d > 0: A can be covered by a finite number of sets of diameter d}. 
A continuous mapping T: D + X, D C X, is called a condensing mapping 
if r[T(A)] < r(A) for a11 bounded A C D such that y(A) > 0. These 
mappings include the k-set-contractions k < 1 and, in particular, mappings 
of the form T = U + C with U a contraction mapping and C compact. 
The mapping T: D --f X is said to satisfy the Leray-Schauder condition 
L-S(uj) on the boundary 3D of D if 
T(x) - w = OL(X - w) for x~aD+a<l. 
This condition is equivalent to the condition imposed by Browder in his 
study [ 1] of semicontractive mappings; it is trivially satisfied when T: D -+ D 
(if int D # a), and for convex D when T: 2D + D. 
If H C X we use the symbol a,D to denote the relative boundary of D 
in H. seg[z, T(u)] denotes (AZ + (1 - h) T(u): h E [0, l]}. 
Our theorem is the following: 
THEOREM 1. Let H be a closed and convex subset of the Banach space X 
and D a bounded subset of H which is open in X. Suppose T: D -+ H is a 
condensing mapping satisfying for some w E a: 
(a) There exist E > 0, 7 > 0 such that ;f x E D with Ij x - w 11 < E, 
and if II E seg[z, T(u)] n aD, then /I u - w 11 > 7. 
(b) T satisfies L-S(w) on a,a. 
Then T has a fixed point in D. 
* Research supported by National Science Foundation grant GP 18045. 
629 
Copyright 0 1975 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
630 W. A. KIRti 
Before proving this theorem we state several of its consequences. 
COROLLARY 1 (cf. [2, Theorem 2.11). Let N be a closed and convex subset 
of the Banach space X and D a bounded subset of H which is open in X. Suppose 
T: D --+ H is a condensing mapping satisfying L-.9(-z!) on Z,D for some point 
w in the interior of D relative to H. Then T has a $.ved point in D. 
Proof. If z E D and if u E seg[z, T(u)] n ZD then either T(u) := u or it 
must be the case that u E E,B. Since dist(eL, ?,n) > 0 (because w is in 
the interior of B relative to H), (a) follows. 
As a special case of the above we have the following generalization of 
a result of Gatica and Kirk [3]. (See the Remark below.) 
COROLLARY 2 (cf. [3]). Let H be a solid closed cone in the Banach space S, 
B a bounded open subset of X zuith 0 E B, and let G = B n HO. Suppose 
T: G + H is a condensing mapping satisfyling L-S(O) on 2,G. Then T has a 
fixed point in G. 
The following corollary appears to be of interest in itself. 
COROLLARY 3. Suppose D is a bounded open conaex subset of the Banach 
space X with T: D --f X a condensing mapping satisfying L-S(w) on iiD for 
some point w E ii. Then if T(w) E D, T has a $xed point in D. 
Proof. Take H = X in Theorem 1 and let z E D. Since D is convex, 
seg[z, T(u)] TS %D = a for u E D sufficiently near w, from which (a) follows. 
Using Nussbaum’s degree theory for condensing mappings, Petryshyn 
has shown [5, Proposition l] that if DC X is a bounded open set and if 
T: ij - X is a condensing mapping satisfying L-S(w) on %D for some 
point w E D, then T has a fixed point in D. We use this fact and the following 
lemma to give an easy proof of Theorem 1. 
LEMMA. Let X be a Banach space, D a bounded subset of X, and T: D - S 
a condensing mapping. Suppose {a,,} is a sequence of numbers converging to 
01 E [- 1, 11, and suppose for {yn} C D, y,, + OL,,T( yn) = Z, where {zn} con- 
oerges. Then y({ y,,}) = 0 and thus (y%} has a convergent subsequence. 
This lemma is identical with the lemma of [3] except that there T is 
assumed to be a K-set-contraction, k < 1. The proof given in [3] carries 
over essentially without change, and we outline it as follows: Since D is 
bounded sup(jI T(x)ll: x E D} = M < co. Assuming M > 0, let E > 0 and 
choose N so that if m, n >, N, / 01, - OL,,, 1 < E/M, 1 am I < 1 + E, and 
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-- z, I] < E. If ~({y~}) = d > 0 then y((T(yn)}~~,w) = d’ <d. If 
1; r ,..., S,) is a finite cover of {T(y,J)EzN with each Si having diameter 
<d’ -j- E then for m, n 3 N and yla , Y,~ E T-l(&) n {m: n = IV, N + l,... } 
one has 
IlYn - Ym II d I %a - %I I II T(Y,Jll + I %I I II T(Yn) - T(Y?Jll + II Z”A - % II 
d I a, - a,,, I 1~’ + I a,,L IV + 4 + E 
< 2~ + (1 + c)(d’ + c). 
This implies ~({y~}) < d’, a contradiction. Thus d = 0. 
Proof of Theorem 1. Because of Petryshyn’s theorem we may assume 
L-S(z) fails on L?D for all x E D. Thus if {h,} C D such that h, -+ w as 
n --+ co, then for each n there exists x, E aD and pn > 1 such that 
T&J - ha = /4x, - W (1) 
Also note that because Iz, E D with D open while X, E seg[h, , T(xJ n aD, 
it must be the case that X~ E a$. Also for n sufficiently large (a) implies 
I/% - w 11 > 7 > 0. Since D is bounded this with (1) implies (pn} is bounded 
and by choosing subsequences we may assume {p;l} converges to 01 < 1. 
Now x, - p;‘T(x,J = (1 - pi’)& ; since ((1 - CL;‘)&} converges to 
(1 - a)w the lemma implies {xn} has a subsequence {x~,};=~ which converges 
to a point x E aHa. Thus (1) yields (letting K + co) 
T(x) - zu = 01+(x - w) 
with x E a@ and o~-l > 1. This fact with (b) implies 01 = 1 and T(x) = x. 
Remark. The results given here also hold for the related “ball-con- 
densing” mappings (see Petryshyn [6, Remark 1.11). We also add that 
in relation to Corollary 2, the result of Gatica-Kirk [3] requires the extra 
assumption that (I - tT)(G) be open for t < 1. The results of [3] are 
selfcontained, however, without even indirect recourse to degree theory. 
For a recent extension of the theorem of [3] to multivalued mappings in 
Frechet spaces which actually includes Corollary 2, see Fitzpatrick and 
Petryshyn [7, Theorem 3.11. 
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